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ABSTRACT
Recent progress towards developing a new computational

capability for accurate and efficient high–fidelity direct numeri-
cal simulation (DNS) and large–eddy simulation (LES) of turbo-
machinery is described. This capability is based on an entropy–
stable Discontinuous–Galerkin spectral–element approach that
extends to arbitrarily high orders of spatial and temporal ac-
curacy, and is implemented in a computationally efficient man-
ner on a modern high performance computer architecture. An
inflow turbulence generation procedure based on a linear forc-
ing approach has been incorporated in this framework and DNS
conducted to study the effect of inflow turbulence on the suction–
side separation bubble in low–pressure turbine (LPT) cascades.
The T106 series of airfoil cascades in both lightly (T106A) and
highly loaded (T106C) configurations at exit isentropic Reynolds
numbers of 60,000 and 80,000, respectively, are considered. The
numerical simulations are performed using 8th–order accurate
spatial and 4th–order accurate temporal discretization. The
changes in separation bubble topology due to elevated inflow
turbulence is captured by the present method and the physical
mechanisms leading to the changes are explained. The present
results are in good agreement with prior numerical simulations
but some expected discrepancies with the experimental data for
the T106C case are noted and discussed.

NOMENCLATURE
AAA0 Jacobian of entropy to conservative variables

AAAi Flux Jacobian of entropy variables
KKK Diffusion tensor
B Linear forcing parameter
C Axial chord length
C f Wall shear stress coefficient
Cp Airfoil surface pressure
E Total energy
Mais Isentropic Mach number
PD Pressure dilatation
PML Perfectly Matched Layer
R Gas constant
Re Reynolds number
Reλ Taylor microscale Reynolds number
T Temperature
Tu Turbulence intensity
fe Source term for total energy equation
k Turbulent kinetic energy
` Integral length scale
p Pressure
s Entropy
t Time
u Velocity
ut Turbulent velocity
vvv Entropy variables
www Basis functions
x Streamwise coordinate direction
y Pitchwise coordinate direction
z Spanwise coordinate direction
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ε Dissipation
η Wall–normal direction
γ Specific heat ratio
κ Thermal conductivity
ωu Wake deficit
ρ Density
τ Shear stress
ξ Tangential direction
Subscripts
1 Inflow
2 Outflow
t Total condition

INTRODUCTION
Design trends in modern high bypass ratio gas turbine en-

gines require the low–pressure turbine (LPT) stages to drive
increasingly larger fans without compromising efficiency. In
addition, in order to reduce weight and costs, LPT stages are
being designed with fewer highly loaded airfoils in each row.
The resulting increased airfoil loadings are characterized by low
suction–side peak pressures, followed by a region of strong dif-
fusion in the aft portion of the airfoils where the adverse pres-
sure gradient results in boundary layer separation and a loss
in efficiency. In modern gas turbines, typically about a 2%
loss in LPT efficiency occurs between take–off (Reynolds num-
ber around 5× 105) and high altitude cruise (Reynolds number
around 5× 104) conditions. Suction–side boundary layer sep-
aration is a major source of loss of efficiency in LPT airfoils.
The boundary layer on the suction side initially remains lami-
nar due to the high acceleration in the fore region and generally
separates just after the peak. This separated boundary layer may
become transitional due to the lower Reynolds number at high
altitude cruise. Reattachment in the aft region of the airfoil may
occur if the transition occurs early enough in the separated shear
layer [1, and the references cited therein].

The transition from laminar to turbulent flow typically oc-
curs through three distinct modes: natural transition by the
process of amplification of Tollmien–Schlichting waves, “by-
pass” transition in the presence of high inflow turbulence, or
separation-induced transition in the shear layer. Separation-
induced transition in the suction–side separation bubble is quite
common in low Reynolds number LPT applications. These sepa-
ration bubbles are classified as either long or short based on their
effect on the airfoil pressure distribution. Long separation bub-
bles modify the overall pressure distribution, causing high losses
and lower exit flow angles, while short bubbles modify the pres-
sure distribution only locally compared to the designed pressure
distribution when the flow is attached [2]. Short bubble topolo-
gies are obviously preferable in order to avoid performance detri-
ments. The topologies of the separation bubbles in LPT airfoils

can be modified by the Reynolds number, flow angle, and inflow
turbulence levels [1].

Current Reynolds averaged Navier–Stokes (RANS) –based
methods for turbomachinery flow prediction have proven ex-
tremely useful, despite their inherent limitations in modeling
transitional and turbulent flows in complex configurations. The
rapid expansion of computing capability in recent years has led
to the consideration of high-fidelity simulation techniques, such
as DNS and LES. These techniques offer the promise of more
accurate and better-resolved simulations that can shed more light
on the complicated flow phenomena, and lead to improved turbo-
machinery designs. Incompressible DNS have been reported [3,
and the references cited therein] to study the effect of incoming
wakes on transition. Compressible DNS of effects such as flow
transition and rotor–stator interaction in turbomachinery have
been performed using high-order upwind schemes [4–7] and 4th–
order compact finite-difference schemes [8–10]. These studies
were generally performed on idealized mid-span configurations
and at low Reynolds numbers to keep the computational costs
reasonable.

Discontinuous–Galerkin (DG) schemes for simulations of
flows in complex geometries have recently been gaining attention
due to their many attractive features, including their extensibil-
ity to arbitrarily high-order schemes on compact numerical sten-
cils, applicability to different element types and mesh topologies,
and computational efficiency. The use of DG methods in turbo-
machinery flow simulations is relatively new, and both RANS-
based turbomachinery simulations [11–14] and DNS simulations
[15–18] using DG methods have been reported in the literature
in recent years.

Since gas turbine engines typically operate in regimes with
elevated turbulence intensity levels, accurate simulations of tur-
bomachinery flows require the development of numerical ap-
proaches to incorporate these effects. A variety of approaches
have been reported in the literature, ranging from purely numer-
ical methods such as blowing–suction [4] and synthetic turbu-
lence generation [9, 10] that are somewhat empirical and require
calibration, to stochastic and deterministic forcing methods that
generate homogeneous isotropic turbulence (HIT) by attempting
to represent the physical processes more accurately (cf. [19]).
One such method that is based on the latter approach and per-
turbs the low turbulence wavenumbers has been applied to LPT
simulations by Medic and Sharma [20]. In the current work, a
linear forcing method developed by Lundgren [21] is adapted for
the DG framework and used to generate HIT upstream of the
LPT cascades to match the experimental conditions.

In the present paper, an inflow turbulence generation proce-
dure for turbomachinery applications based on a linear forcing
approach is developed in the DG framework. DNS studies are
then conducted to study the effect of inflow turbulence on the
suction–side separation bubble in LPT cascades. The T106 se-
ries airfoil cascades in both lightly loaded (T106A) and highly
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loaded (T106C) configurations at exit isentropic Reynolds num-
bers of 60,000 and 80,000, respectively, are considered. By
studying the same airfoil section under different loading, the im-
portance (or lack thereof) of including inflow turbulence is ex-
amined across trends. The numerical simulations are performed
using 8th–order accurate spatial and 4th–order accurate tempo-
ral discretization. The main objective of the paper is to study the
effect of inflow turbulence on the suction–side separation bubble
topology in these LPT cascades.

The paper is organized as follows. The inflow turbulence
generation and the DG numerical method are first described. The
ability of the inflow turbulence generation method to achieve HIT
with specified target conditions is then demonstrated, followed
by detailed simulation results and conclusions for the T106A and
T106C cascade configurations.

INFLOW TURBULENCE GENERATION METHOD
In order to predict turbomachinery flows with elevated in-

flow turbulence, we seek an approach that generates HIT with
the correct Reλ in the computational region upstream of the air-
foil cascade and accurately reproduces the test conditions in the
experiment. Physics–based methods for generating HIT typi-
cally involve either perturbing the low wavenumber turbulence
through a stochastic process [19, 22], or injecting energy at low
wavenumbers at a constant rate [23,24] or forcing low wavenum-
ber at constant energy level [25, 26]. These methods are devel-
oped in wavenumber space and are thus global in nature. Due
to the local nature of the DG formulation, local methods that are
developed in physical space are preferred. Lundgren proposed
a “linear forcing method” for incompressible flows, that is ap-
plied in physical space and excites all wavenumbers [21]. This
method was subsequently extended to improve the convergence
to a stationary state [27], and for compressible flows [28, 29]. In
the present work, we develop a compressible formulation of this
method that can be incorporated in the DG finite–element frame-
work and discuss its required inputs and stability properties.

The turbulent kinetic energy equation for a compressible
fluid is given by:

∂ {ρk}
∂ t

+
∂ < ρ > {uk}{k}

∂xk
= [−< ρ >

{
u′′k u′′k

} ∂ {ui}
∂xk

]

+[− ∂

∂xk
(< ρ >

{
u′′k k′′

}
+< p′u′k >+< τ

′
iku′i >)]

+[−< τ
′
ik

∂u′i
∂xk

>+< u′′i >
∂ < τik >

∂xk
]

+[−< u′′k >
∂ < p >

∂xk
+< p′

∂u′k
∂xk

>],

(1)

where <>, {} are the ensemble– and Favre–averaged quantities
respectively, and ′, ′′ are the fluctuations from these respective

quantities. The first, second, third, and fourth terms on the right
hand side of Eqn. (1) are the energy production, diffusion, dis-
sipation, and pressure dilatation (PD) terms, respectively. In the
case of homogeneous turbulence, the production and diffusion
terms are zero, and turbulence dissipation and PD is balanced
by the decay of turbulent kinetic energy. Forcing, typically in
the form of volumetric source terms, must be added in order to
sustain homogeneous turbulence at a given level. Since the tur-
bulence production term in Eqn. (1) is proportional to the fluctu-
ations, one choice is to use source terms that are proportional to
the fluctuations for homogeneous turbulence [21, 27–29].

For homogeneous compressible flow, and assuming zero
mean flow (without any loss of generality), the Navier–Stokes
equations with a compressible extension of Lundgren’s linear
forcing source terms are:

∂ρ

∂ t
+

∂ρu j

∂x j
= 0, (2a)

∂ρui

∂ t
+

∂ρuiu j

∂x j
=− ∂ p

∂xi
+

∂τi j

∂x j
+Bρui, (2b)

∂ρE
∂ t

+
∂ρEu j

∂x j
=−

∂u j p
∂x j

+
∂uiτi j

∂x j
−

∂q j

∂x j
+Bρu ju j + fe. (2c)

Note that all turbulence modes in the solution are perturbed by
adding Bρui as the source term.

For homogeneous flow, the volume-averaged energy
Eqn. (2c) becomes

∂ < ρE >

∂ t
=< Bρu ju j >+< fe > . (3)

For the total energy to attain a statistically stationary state, one
requires < fe >= − < Bρu ju j > in Eqn. (3). Hence, we set
fe =−Bρu ju j in the equation for total energy, Eqn. (2c) [29].

The volume-averaged turbulent kinetic energy Eqn. (1) with
the source term for homogenous flow can now be written as:

∂{ρk}
∂ t

=−ε−PD+B < ρu ju j > (4)

Setting B = ε+PD
<ρu ju j>

= ε+PD
2{ρk} will result in the turbulent kinetic

energy attaining statistical stationarity [21, 27–29]. Thus, in or-
der to simulate stationary homogeneous turbulence, one needs to
specify ε , PD and {ρk} at the stationary state.
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For low turbulent Mach numbers, the proportionality con-
stant B can be approximated as ε

<ρu ju j>
= ε

2{ρk} , since the ra-
tio between PD and ε scales with the square of turbulent Mach
number for homogeneous turbulence [28]. However, large os-
cillations in the turbulence statistics were noted [21, 28] when B
was held constant during the simulations (i.e., to specify ε , and
{ρk} at the stationary state). Hence, a method for dynamically
adjusting B (i.e., to specify ε at the stationary state, and compute
{ρk} instantaneously) was proposed [27] to drive the velocity
field towards the desired turbulent state in a more constrained
fashion.

In incompressible HIT, the turbulence dissipation, ε , can be
estimated as u3

t
` , where ut and ` are the turbulent velocity and

turbulent integral length scale, respectively. The ε can be ap-
proximated as u3

t
` (since the ratio of the dilatational dissipation to

the incompressible dissipation scales as the fourth power of tur-
bulent Mach number [28]) for low turbulent Mach numbers. For
linear forcing, the resulting integral length scale is estimated to
be approximately 20% of the computational domain [27]. Thus,
by specifying only the turbulent Mach number and choosing a
specific domain size, a statistically stationary HIT for low turbu-
lent Mach number flows can be achieved. In the present study,
we consider low turbulent Mach number simulations and com-
pute B dynamically.

Eqn. (2) can be rewritten using entropy variables as:

AAA0vvv,t +AAAivvv,i = (KKKi jvvv, j), j +F (5)

where vvv =
{

s
γ−1 +

γ+1
γ−1 −

ρE
p ,

ρu j
p ,−ρ

p

}
, and the source term

F = {0,Bρu1,Bρu2,Bρu3,0}; AAA0 and AAAi are symmetric, and
KKKi j is symmetric and positive-semidefinite. The global entropy
conservation equation is derived by taking the dot product of vvv
with Eqn. (5) and integrating over the domain [30, 31]. The
global entropy evolution is given by:

∫
Ω

(
ρs

γ−1

)
,t
+
∫

Ω

vvv,iKKKi jvvv, j =
∫

Ω

B ρukuk
p/ρ

(6)

Ensemble averaging we recover:

< vvv,iKKKi jvvv, j > = < B ρukuk
p/ρ

> (7)

Thus, the flow will reach a stationary state where the entropy
generated through viscous dissipation is exactly balanced by the
forcing. Our entropy stable numerical formulation recovers the
discrete analog of Eq. (7), ensuring the numerical stability of the
scheme.

In turbomachinery simulations, it is often necessary to gen-
erate HIT in a computational box that is anisotropic due to geom-
etry constraints. Since all the modes of the momentum Eqn [2b]

are being perturbed in this linear forcing method, it is inconve-
nient to achieve the desired level of turbulence at the station-
ary state in an anisotropic domain. One way to overcome this
is by perturbing only selected modes, or by generating the tur-
bulence in multiple unit (isotropic) cubes that are then stacked
on one another. The former procedure requires global operations
and is thus less attractive for DG applications. In the present
approach, HIT is generated in multiple unit cubes which are
then coupled into the main computational domain through a DG
boundary. Also, the forcing term in Eqn. [2b] is modified as
B(ρui− < ρui >) for each individual block in order to ensure
that the zero–th mode is not perturbed.

DG METHOD
A space–time DG discretization method is used to solve the

conservative form of the compressible Navier–Stokes equation in
entropy variables in conjunction with the linear forcing method
described above. A recently developed perfectly matched layer
(PML) technique that mitigates the effect of spurious reflections
from the inflow and outflow computational boundaries is also
applied [32]). Details of the space–time DG method can be
found elsewhere [32–34] but are briefly summarized here for
the sake of completeness. The spatial domain, Ω, is partitioned
into non–overlapping hexahedral elements, κ , while time is par-
titioned into time intervals (or time–slabs), In = [tn, tn+1]. Af-
ter defining Vh =

{
www,www|κ ∈ [P(κ× I)]5

}
, the space-time finite-

element space is discretized using piece–wise polynomial func-
tions in both space and time. The numerical flux functions ap-
proximating the inviscid, viscous, and PML fluxes at the spa-
tial boundaries of the elements are computed using the entropy–
stable flux function of Ismail and Roe [35], the Bassi and Rebay
operator [36], and a fully upwind method, respectively. We seek
a solution vvv ∈ Vh that satisfies the weak-form equation for all
www ∈ Vh. The space Vh is spanned by the tensor product of 1D
nodal Lagrange basis functions defined at the Gauss–Legendre
points. Integrals in the weak-form equation are approximated
with a quadrature rule using twice the number of quadrature
points as solution points in each spatial coordinate and temporal
directions in order to minimize quadrature errors. The resulting
nonlinear system of equations is then solved using a precondi-
tioned Jacobian–free Newton–Krylov solver [33]. It is noted that
using entropy variables and these choices of flux functions en-
sures discrete entropy stability for the Navier–Stokes equations
in the DG formulation [30].

INFLOW TURBULENCE GENERATION RESULTS
The linear forcing method for generating inflow turbulence

was first evaluated by simulating HIT at Reλ = 45 and a turbu-
lent Mach number of 0.1 in a unit cube with 32 elements in each
direction, and using the spatially 8th–order (i.e., 256 degrees of
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FIGURE 1: TURBULENT KINETIC ENERGY AND DISSIPA-
TION EVOLUTION (TOP PANEL) AND TURBULENT EN-
ERGY SPECTRUM (BOTTOM PANEL) FOR Reλ = 45.

freedom in each spatial direction) and temporally 4th–order DG
scheme. Instead of using an idealized turbulent spectrum as the
initial condition, the flow field is initiated using a Taylor–Green
vortex [37]. This vortex initially undergoes vortex stretching and
then breaks down to turbulence. The linear forcing method pre-
vents the eventual decay of the Taylor–Green vortex and instead
evolves the flow field to the desired turbulent state. The inputs to
the linear forcing technique are chosen as described earlier: the
desired ε , estimated using a turbulent Mach number of 0.1, and
an integral length scale that is assumed to be 20% of the size of
the computational domain.

The flow attains the turbulent stationary state with the de-
sired target turbulent kinetic energy and dissipation after 20k/ε

(Fig. 1). Small high-frequency oscillations in the turbulent ki-
netic energy are noticed (discernable by zooming into Fig. 1 in
the region beyond 25k/ε ) as the simulation continues for longer
eddy turnover times. These arise from the highly oscillatory
PD term (although the time-averaged stationary PD is almost
zero). Similar high frequency PD oscillations have also been
noticed in previous compressible forced homogeneous simula-
tions [38–40]. The velocity spectrum evolves to the full spectrum
after the flow attains stationarity (Fig. 1). The Reynolds normal
stresses converge to the targeted value, and the Reynolds shear
stresses converge to zero. The longitudinal velocity gradients are
half the transverse velocity gradients in the stationary state and
these values are consistent with incompressible HIT.

FIGURE 2: A REPRESENTATIVE COMPUTATIONAL MESH
WITH 8TH–ORDER ELEMENTS.

T106A LOW PRESSURE TURBINE CASCADE
The lightly loaded T106A LPT cascade has been studied

extensively both in experiments [41, 42], and numerical simu-
lations [3, 9, 10, 18, and the references cited therein]. The T106
profile represents the mid–span section of the Pratt and Whitney
PW2037 rotor airfoil. The airfoil pitch for this configuration is
0.799C, where C is the airfoil axial chord length. The exit isen-
tropic Reynolds number is chosen as 60,000 and the exit isen-
tropic Mach number as 0.405 from the experiment [41] for the
case without any simulated upstream wakes. The inlet flow an-
gle is chosen as 45.5◦ to be consistent with previous numerical
studies but differs from the value noted in the experiment [3,8,9].
Two different inflow turbulence levels, 0% (clean inflow) and
2%, are considered.

Mid–span section of single passage of the cascade is meshed
using same procedure as described in [18]. Fig. 2 shows a repre-
sentative mesh constituting 8th–order elements. At the upstream
region of the blade, refined mesh is used to simulate inflow turbu-
lence effect. The spanwise extent of the computational domain is
chosen as 0.20C in the present study. Note that periodic bound-
ary conditions are used in both the pitch and span directions.

For the clean inflow simulations, buffer regions with stream-
wise length of 0.20C are used for the PML technique both at the
inflow and outflow regions. The PML technique helps eliminate
any spurious reflection from the boundaries [32]. Note that a
small velocity fluctuation level, 0.6%, was measured at the in-
flow region in the experiment even with clean inflow. A compu-
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tational mesh with 13032 8th–order spatial elements (6.6× 106

degrees of freedom) and 4th–order temporal resolution is chosen
for present study, based on h− p convergence studies performed
previously [18].

To simulate 2% inflow turbulence, the inflow PML buffer
region is converted to the inflow turbulence generating blocks
while the outflow buffer region is maintained as before. Four pe-
riodic cubes with dimension equal to the spanwise domain are
used for the present simulations (Figs. 6b). The fully devel-
oped turbulence is then (one–way) coupled to the main compu-
tational domain by solving a numerical Riemann problem at the
inflow boundary face of the main computational domain (located
0.5C upstream of the leading edge). Note that the HIT gener-
ating cubes are decoupled from the main DNS domain to en-
sure that upwind–traveling acoustic perturbations from the main
domain do not introduce unwanted energy into the turbulence
generation process. In a manner similar to the HIT simulations
described above, the velocity field in the turbulence generating
blocks are initiated using a Taylor–Green vortex superimposed
with the inflow condition. Since we are not enforcing the total
energy Eqn. [2c], the strength of the Taylor–Green vortex is ad-
justed to achieve the target inflow static pressure when the flow
attains a statistically stationary state.

As mentioned earlier, the resulting integral length scale is
20% of the cube dimension for linear forced turbulence. For our
case this is 0.04C, resulting in a Reλ of 20 with 2% inflow turbu-
lence at the turbulence generating blocks. The effective degrees
of freedom for each block is 64× 40× 64. In order to achieve
higher integral length scales, the spanwise extent of the compu-
tational domain would need to be increased. Although similar
initial conditions and forcing are used in the four turbulence gen-
erating blocks, the velocity field in each block is different at the
stationary state (Fig. 6b-ii). By using four separate turbulent gen-
erating blocks instead of one we have avoided introducing any
unwanted large scale periodicity in the pitch direction. To min-
imize additional numerical dissipation of the inflow turbulence
as it advects downstream, higher resolution (similar to the turbu-
lence generating blocks) is used (Fig. 2) in the region upstream of
the airfoil. As the numerically generated turbulence approaches
the airfoil it decays to 1.8% at x = 0 plane. The experimental
data for the T106A configuration does not include any details
regarding the inflow turbulence.

Numerical Results
We first compare the mean flow statistics – surface pres-

sure, friction coefficient, and wake loss – with the experimental
data [41], and prior numerical simulations [3, 8, 9]. These flow
statistics are computed by averaging both in span and in time af-
ter stationarity is achieved. Flow stationarity was achieved after
three domain flow–through times and is assessed by monitoring
the temporal evolution of the integrated surface force on the air-
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FIGURE 3: COMPARISON OF AIRFOIL LOADINGS FOR
THE T106A CASCADE.
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FIGURE 4: COMPARISON OF WALL SHEAR-STRESS CO-
EFFICIENT FOR THE T106A CASCADE. DASHED BLACK
LINE REPRESENTS C f = 0.

foil. The flow statistics are computed over five domain flow–
through times.

With clean inflow, the surface pressure distribution com-
pares well with the experiment [41] and a recent compressible
DNS simulation [8, 9] using a 4th–order finite–difference ap-
proach (Fig. 3). Incompressible DNS [3] predicts a much lower
suction pressure, and this mismatch is attributed to the effects of
compressibility. A 2% inflow turbulence level does not influence
the airfoil loading except very close to the trailing edge (Fig. 3)
where the suction–side surface pressure increases marginally.
Michelassi et al. [10] also noted similar behavior in the Cp distri-
bution when comparing 1.2% and 3.2% inflow turbulence levels,
although they reported higher pressure values than the present
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FIGURE 5: COMPARISON OF WAKE LOSS PROFILES FOR
THE T106A CASCADE.

simulations for both the 1.2% and 3.2% inflow turbulence cases
studied.

The shear stress profiles indicate the presence of two sepa-
ration bubbles on the suction surface (Fig. 4). The size of the
leading–edge separation bubble remains insensitive to the inflow
turbulence level but the size of the aft separation bubble shows
minor changes when inflow turbulence is present. The location
of the aft flow separation point shifts from 0.78C for clean inflow
to 0.8C with 2% inflow turbulence. The flow on the pressure side
remains attached independent of inflow turbulence level in agree-
ment with prior observations [10].

The wake deficit (ωu = pt1−pt
pt1−p2

) is computed at a location
0.4C downstream of the airfoil trailing edge. Despite the good
agreement between the simulations and the experimental surface
pressures, the clean inflow simulation over–predicts the wake
loss as compared to the experiment but is similar to other DNS
[10] (Fig. 5). Note that since the experiments do not completely
document the pitch location of the peak, the numerical wake loss
profiles in the figure have been shifted to match the experimental
peak location. The reason for the mismatch in the wake deficit
profiles is unclear, but may be related to the small turbulence in-
tensity of 0.6% noted in the experiments even with clean inflow.
When the inflow turbulence level is increased, the laminar sep-
aration bubble shrinks (Figs. 6b, 4), wake losses are reduced,
and the outflow angle changes (Fig. 5). The wake loss has been
noted [10] to be unchanged when the inflow turbulence was in-
creased from 1.2% to 3.2%, and and our estimated wake loss
with inflow turbulence case compares well with these results.

The transient flow–field is investigated using instantaneous
Mach number (Fig. 6i) and vorticity magnitude (Fig. 6ii) at the
mid–span location. On the suction side, the flow accelerates up
to x < 0.6C, then decelerates and separates in the aft region. The
flow remains laminar and attached on the pressure side (Fig. 6i).

The aft separation bubble moves the shear layer away from the
suction surface (Fig. 6ii). Transition to turbulence occurs in the
separated shear layer very close to the trailing edge on the suction
side. Laminar vortex shedding from the pressure–surface shear
layer undergoes laminar roll–up, whereas on the suction side the
vortex roll–up is turbulent. The laminar and turbulent shear lay-
ers merge downstream of the airfoil trailing edge to form a fully
turbulent wake.

The presence of inflow turbulence (Fig. 6b) reduces the size
of the suction–side separation bubble and influences the vortex
shedding process. The pressure–side boundary layer still remains
laminar. Turbulent vortices undergo strong stretching at the air-
foil leading edge (Fig. 6b-ii). These distorted inflow vortices per-
turb the suction–side separated shear layer and merge with the
airfoil wake downstream of the trailing edge.

Details of the flow transition process are studied using the
isosurfaces of the vorticity magnitude over the suction side of
the airfoil. The inflow turbulence perturbs the leading edge sep-
aration bubble (Fig. 7b-ii) to generate long streamwise coherent
structures. These structures survive the flow acceleration at the
suction peak, and perturb the separated shear layer to generate
a spanwise sinusoidal distortion (Fig. 7b-i) close to the trailing
edge. With clean inflow, no similar structures originate from the
leading edge separation bubble (Fig. 7a-i). The separated shear
layer transitions to turbulence through a Kelvin–Helmholtz type
roll–up (Figs. 6ii, 7) close to trailing edge for both cases with and
without inflow turbulence. The spanwise sinusoidal waves also
influence the flow transition process for non–zero inflow turbu-
lence levels.

The turbulence generation process through the growth of the
unstable modes, as seen in Fig. 7, is further investigated using the

maximum value of turbulent intensity (Tu (=

√
1
3 (u
′u′+v′v′+w′w′)

Mais2
)

in the wall–normal direction, and the spanwise anisotropy (b33 =
w′w′
2k −

1
3 ) at the maximum Tu location as a function of the stream-

wise distance (Fig. 8) in the aft region of the suction side. For
both cases with and without inflow turbulence, the maximum
value of Tu is negligible prior to flow transition. The 2% in-
flow case has slightly higher values of b33 compared to the clean
inflow case before flow transition due to the presence of stream-
wise flow structures (Fig. 7b-ii). As the flow transitions close to
the trailing edge, the maximum Tu is seen to increase rapidly,
and the coherent disturbances break down into turbulence result-
ing in higher b33 values. The transition process starts at the same
location for both cases. Based on the Tu growth near the trailing
edge of the airfoil, it appears that the transition process has not
yet completed before the trailing edge. Also note that the max-
imum value of Tu is attained inside the boundary layer for both
inflow turbulence cases.

The wall normal profiles of streamwise velocity (
uξ

Mais2
), Tu,

and turbulence production and dissipation are plotted at seven
monitoring stations (Fig. 9). Station ‘A’ is located close to the
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leading edge, while station ‘B’ is located just past the accel-
erated flow region. The remaining stations are located in the
separated bubble region. Note that the stations ‘F’ and ‘G’ are
beyond the flow transition region (Figs. 7, 8). As the flow ac-
celerates in the fore region of the airfoil, the boundary–layer re-
mains laminar and its thickness changes only marginally. Be-
yond the suction–side peak location, the flow decelerates to form
a separation bubble and the boundary–layer thickness increases
rapidly (Fig. 9i). For the clean inflow simulations, the turbulence
intensity and hence the turbulence production is negligible for
x < 0.95C (Figs. 8, 9ii, 9iii). For non–zero inflow turbulence, the
inflow turbulent vortices undergo strong stretching (Fig. 6bii), re-
sulting in larger turbulence intensities (Fig. 9ii) close to the lead-
ing edge. These are manifested as streamwise structures (Fig. 7b)

in the flow field. These streamwise disturbances (Fig. 7b) result
in larger turbulence intensities compared to the clean inflow case
(Fig. 9ii). Inflow turbulence reduces the suction–side boundary
layer thickness (Fig. 9i) in the aft region. For both clean and
non–zero inflow turbulence, most of the turbulence is generated
in the separated shear layer (Fig. 9iii) close to the trailing edge.

As the flow accelerates through the suction peak (Fig. 6),
high turbulence dissipation is noted at stations ‘A’ and ‘B’. How-
ever, the turbulence dissipation remains small compared to the
turbulence production term during flow transition in the sep-
arated shear layer irrespective of the inflow turbulence level
(Fig. 9iii).

FIGURE 6: INSTANTANEOUS MID-SPAN (i) MACH NUMBER, AND (ii) VORTICITY MAGNITUDE CONTOURS FOR THE
T106A CASCADE FOR (a) CLEAN INFLOW, AND (b) 2% INFLOW TURBULENCE.
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FIGURE 7: ISOSURFACES OF VORTICITY MAGNITUDE FOR THE T106A CASCADE FOR (a) CLEAN INFLOW, AND (b) 2%
INFLOW TURBULENCE. DIFFERENT PERSPECTIVE VIEWS ARE INCLUDED IN (i) AND (ii) FOR CLARITY.

T106C LOW PRESSURE TURBINE CASCADE

In the T106C configuration the airfoil pitch is increased to
0.95C and results in higher airfoil loading and the formation of
a large separation bubble in the aft region of the suction surface.
This configuration has been studied extensively for different in-
flow turbulence levels and exit isentropic Reynolds numbers [1].
These studies have found that the suction–side separation bub-
ble topology changes from long to short as the inflow turbulence
level and Reynolds number are increased (Table 3 in [1]). In this
study, the exit isentropic Reynolds number is chosen as 80,000
and two cases are considered, clean inflow and and 3.2% inflow
turbulence, for which changes in the separation bubble topology

have been reported [1]. The exit isentropic Mach number and
inflow angle are chosen as 0.65 and 32.7◦, respectively. The
Reynolds number=80,000 case has also been studied numeri-
cally by others [16, 17] for clean inflow conditions.

Note that in the experiments the “clean” inflow turbulence
case has a non–zero background turbulence level of 0.9% and an
integral length scale corresponding to 0.32C. Duplicating the
experimental Reλ = 240 in the computations would require a
spanwise dimension of 1.6C since the linear forcing technique
requires a domain size that is about 5 times the integral length
scale. This spanwise dimension is about the same order as the
spanwise extent of the experimental airfoils, 2.4C. In other
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words, the entire airfoil passage would have to be simulated.
Similarly, for the 3.2% inflow turbulence case, the integral length
scale in the experiment was reported as 0.13C (experimental
Reλ = 98), requiring a spanwise domain extent of 0.65C. How-
ever, in order to keep the computational cost reasonable, we have
chosen the spanwise domain extent to be much smaller, 0.24C
for both the 0% and 3.2% inflow turbulence cases. The elements
for the DG solver are generated following the same procedure as
described above for the T106A configuration.

As in the case of the T106A cascade, for the clean in-
flow simulation we have added two buffer regions of stream-
wise length of 0.24C in the inflow and outflow regions of the
domain to implement the PML boundary technique. We have
modified the T106A elements (Fig. 2) to increase the pitch di-
mension, and have reduced the number of elements from 3 to 2
in the wall-normal direction at the off-body O-topology blocks
for the T106C configuration. p convergence studies conducted
on the resulting mesh showed marginal improvement with 8th–
order compared to using 4th–order discretizations. Hence, for
the T106C simulations reported here we have used a mesh with
12464 8th–order spatial elements and 4th–order temporal resolu-
tion.

The 3.2% inflow turbulence case for this configuration uses
slight modifications to the T106A 2% inflow turbulence proce-
dure. In the T106A inflow turbulence setup, we used four tur-
bulence generating cubes that are physically separated from one
another. When the generated turbulence is fed into the main com-
putational domain, discrete jumps are noticed across the cube
boundaries (Fig. 6bii). In order to minimize these numerical
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FIGURE 9: WALL NORMAL PROFILE OF (i) MEAN TAN-
GENTIAL VELOCITY, (ii) TURBULENT INTENSITY, AND
(iii) TURBULENT PRODUCTION AND DISSIPATION AT
THE MONITORING STATIONS, AS SHOWN IN FIG. 7, ON
THE AIRFOIL SUCTION–SIDE FOR THE T106A CASCADE
FOR CLEAN INFLOW (BLACK COLORED LINE), AND 2%
INFLOW TURBULENCE (RED COLORED LINE).

artifacts, the turbulence generating cubes for theT106C inflow
turbulence case are stacked physically adjacent to one another
(Fig. 13bii).

The turbulence generating cubes are located 0.5C upstream
of the leading edge of the airfoil. Following the decay law [1],
we estimate the turbulence intensity to be 3.5% at the turbulence
blocks in order to achieve a 3.2% turbulence intensity level at the
x = 0 plane (although our integral length scale differs from the
experimental value as noted above). This results in a Reλ = 30.
Since we are using 64×40×64 degrees of freedom for each of
the cubes, the generated HIT is under–resolved, and has a higher
turbulence intensity level (3.8%) compared to the target. This
turbulence advects toward the airfoil and decays to the 3.5% level
at the x = 0 plane.

Numerical Results
The isentropic Mach number, skin friction coefficient, and

wake deficit are first compared with the experiment [1] and pre-
vious DNS [16]. These flow statistics are gathered during the
stationary period. By monitoring the temporal evolution of the
integrated airfoil surface force the flow is seen to attain station-
arity after three domain flow–through times. Flow statistics are
obtained by averaging both in span and in time over three domain
flow–through times beyond the stationary state.

Although the predicted airfoil loadings on the pressure side
agree well with the experiment, the surface loadings in the fore
region of the suction side are over–predicted, similar to the re-
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sults in prior numerical studies [16]. Hillewaert et al. [16] con-
jectured that this mismatch may be due to incorrect settings of
the inflow angle and airfoil stagger angle. Beyond the suction
peak in the laminar separation region, the present results are in
better agreement with the experiments than the earlier study [16].
This is due to the use of the inflow and outflow PML technique;
our results without the PML inflow and outflow boundary con-
ditions closely matched these earlier computational results. The
PML buffer regions eliminate almost all spurious boundary re-
flections, resulting in a better prediction of the laminar separa-
tion bubble [32]. However, the transition location is still not
accurately captured (Fig. 11), and results in a different surface
pressure distribution than the experiment in the region close to
the trailing edge. We are currently investigating the surface pres-
sure mismatch issue by modifying the inflow angle, as in [16].
Note that the inflow turbulence does not affect the airfoil loading
except in the aft region of the suction side. The inflow turbulence
results in a higher isentropic Mach number further downstream
on the suction side and higher pressures close to the trailing edge
as compared to the clean inflow case.

Unlike for the T106A cascade(Fig. 4), there is no leading
edge suction–side separation bubble for the T106C configuration
(Fig. 11) with or without inflow turbulence. Flow separation oc-
curs at 0.67C on the suction side for the clean inflow case and
moves downstream to 0.74C with inflow turbulence; and flow
nominally reattaches at 0.96C after undergoing transition. As in
the T106A case, the pressure–side boundary layer remains at-
tached for both cases with and without inflow turbulence.

For the clean inflow case, the mismatch in the surface pres-
sure is also reflected in the wake loss profiles (ωu =

pt1−pt
pt1

) pre-
diction (Fig. 12) when compared to the experiment at a location
0.465C downstream of the trailing edge. As was done for the
T106A case, the numerically estimated wake loss profile have
again been shifted to match the peak location. The peak wake
loss is under–predicted by 30%. Prior simulations by [16] also
under–predicted the peak loss, but our result is closer to the ex-
perimental data. With non–zero inflow turbulence, the peak wake
loss and the wake thickness are smaller compared to the clean in-
flow case due to the flow reattaching downstream. Similar results
were noted for the T106A simulations with and without inflow
turbulence (FIg. 5).

Similar to the T106A clean inflow simulation, the flow ac-
celerates up to 0.6C and remains laminar over the fore region of
suction surface. As the flow decelerates downstream of the suc-
tion peak, a laminar separation bubble forms (Fig. 13a), which
is considerably bigger than for the T106A clean inflow case
(Fig. 6a). The separated shear layer moves away from the airfoil
surface, and transition to turbulence occurs near the airfoil trail-
ing edge (Figs. 13a). Inflow turbulence decreases the suction–
side separation bubble considerably (Fig. 13b). The suction–side
boundary layer moves closer to the airfoil surface and results in
a thinner wake downstream of the trailing edge(Figs. 13b). The
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flow on the pressure side is laminar and continues to remain at-
tached, again as in the T106A case (Fig. 11). Downstream of the
airfoil, fully turbulent wake shedding is noticed (Fig. 13ii)

The turbulent flow structures are studied using 3D vorticity
magnitude isosurface contours. As in the T106A case (Fig. 7),
the separated shear layer undergoes Kelvin–Helmholtz-type roll-
up (Figs. 13ii, 14) both with and without inflow turbulence.
During flow transition, streamwise oblique flow structures also
appear above the Kelvin-Helmholtz mode (Fig. 14a-ii). The
non–zero inflow turbulence perturbs the separated shear layer by
generating streamwise coherent flow structures (Figs. 14b-i) that
further energize the oblique flow structures during the transition
process (Fig. 14b-ii).
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The transitional behavior of the separated boundary layer
can be studied by looking at the growth rate of Tu in the aft region
of the suction surface (Fig. 15). For both clean and 3.2% inflow
turbulence cases, the Tu value initially grows, attains a maxi-
mum, and then decays with streamwise distance. The growth rate
of Tu is higher over the laminar part (0.7C . x. 0.9C) of the sep-
aration bubble for the clean inflow case, although the spanwise
component is almost zero. Figs. 13a-ii, 14a-i indicate that the
turbulence mode is of the Kelvin–Helmholtz type. For the 3.2%
inflow turbulence case, long streamwise structures are noticed
(higher spanwise component compared to the clean inflow, but
still small compared to the other components). During the transi-
tion process, these structures break down into three-dimensional
turbulence with similar growth rate of Tu for both the inflow
cases. The transition process is initiated at the same location
for both inflow turbulence cases, but it terminates earlier for the
3.2% inflow turbulence due to flow reattachment (Fig. 11). As
in the T106A case, the location of maximum Tu lies inside the
boundary layer for both inflow turbulence cases. Streamwise
structures are also noticed on the pressure side for the non–zero
inflow case, although they do not appear to transition to 3D tur-
bulent structures.

The mean tangential velocity, turbulence intensity, turbu-
lence production and dissipation profiles over the suction sur-
face are plotted at the same monitoring stations as for the T106A
case. Note that monitoring stations beyond ‘D’ are downstream
of flow transition (Figs. 14, 15) for the current T106C case. A
large suction–side separation bubble is evident from the mean
tangential velocity profiles with reverse flow for the clean in-
flow case. As the flow separates the boundary layer thickness
increases rapidly in the aft region of the airfoil (Fig. 16i). The
suction–side boundary layer remains separated even beyond flow
transition (Fig. 16i). As in the T106A case, the Tu value peaks

(Fig. 15) inside the shear layer (Fig. 16ii), and most of the turbu-
lence is produced in the separated shear layer (Fig. 16iii) through
Kelvin-Helmholtz roll–up (Fig. 14a).

Changes in the separation bubble topology, from long to
short, due to inflow turbulence can be observed in the mean tan-
gential velocity profiles (Fig. 16i). Flow separation is delayed
with inflow turbulence, and the flow is seen to reattach after
transition. This causes the size of the separation bubble to de-
crease by almost a factor of 2, and the boundary layer thick-
ness to be much smaller (Fig.16i). Inflow turbulence perturbs
the shear layer to generate streamwise structures (Fig. 14b-ii),
resulting in almost constant turbulence intensity over wall nor-
mal distance between the ‘A’ and ‘B’ monitoring stations. Inflow
turbulence also alters the turbulence intensity profile in the aft re-
gion (Figs. 16ii). Although the turbulence intensity peaks at the
separated shear layer over the separation bubble similar to the
clean inflow case, it remains almost constant after flow reattach-
ment over the lower part of the boundary layer. This behavioral
change of turbulence intensity is also reflected in the turbulence
production term (Fig. 16iii). The turbulence production peaks at
the separated shear layer over the separation bubble but turbu-
lence production inside the shear layer begins to drop as the flow
reattaches, and another peak very close to the wall develops.

As in the T106A case, the turbulence dissipation over-
whelms the production in the fore region of the airfoil, and
is much smaller compared to the turbulence production in the
aft region for both cases with and without inflow turbulence
(Fig. 16iii). Although the mean tangential velocity profile looks
smooth at the element boundaries, large jumps in higher-order
moments such as turbulence intensity, turbulence production, and
turbulence dissipation are still noticeable at the element bound-
aries, signifying inadequate mesh resolution to capture these
high–order moments.

SUMMARY AND CONCLUDING REMARKS
Results from DNS of transitional and turbulent flow in the

T106A and T106C linear turbine cascades at elevated inflow tur-
bulence levels using a high-order entropy-stable DG spectral-
element method with a space-time formulation are presented.
The inflow turbulence is generated in the simulation using a lin-
ear forcing technique adapted for the DG framework. The PML
technique is also used to mitigate spurious numerical reflections
from the boundaries of the computational domain. Thanks to the
8th–order spatial discretization (6.6× 106 degrees of freedom),
the quality of our solutions is similar in comparison to the pre-
vious 4th–order spatial DNS for T106A [9] (18.1× 106 degrees
of freedom), and better in comparison to the previous 4th–order
DNS for T106C [16] (16.8×106 degrees of freedom) with much
less degrees of freedom.

The effects of inflow turbulence levels on the suction–side
separation bubble in both the T106A and T106C cascades are
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FIGURE 13: INSTANTANEOUS MID-SPAN (i) MACH NUMBER, AND (ii) VORTICITY MAGNITUDE CONTOURS FOR THE
T106C CASCADE FOR (a) CLEAN INFLOW, AND (b) 3.2% INFLOW TURBULENCE.

studied. These results show that even maintaining the same air-
foil section with small differences in loading, the inclusion of
inflow turbulence is important and the detailed effects are indi-
vidual for each configuration. For the clean inflow T106A sim-
ulation, the airfoil surface pressure loadings agree well with ex-
periment and with previous compressible DNS studies. For the
T106C cascade, the airfoil surface pressure loadings at the fore
section are over–predicted, though this result is expected as sim-
ilar observation was made in prior DNS simulations by other au-
thors. With the inclusion of the PML buffer outflow region the
surface pressures approach the experiment values over the sepa-
ration bubble, but the transition characteristics close to the trail-
ing edge are not in agreement. Hillewaert et al. [16] conjectured
that the loading mismatch in the fore section of the suction–side

of the airfoil may be related to discrepancies in the inflow an-
gle between the experiment and the simulations. The predicted
wake loss profiles for the T106A cascade are similar to earlier re-
ported work [10], and for the T106C cascade are similar to [16]
for clean inflow conditions but our results are somewhat closer to
the experiment, thanks to the PML. The inflow turbulence drops
the peak in the wake loss profile and the wake thickness for both
configurations are lower in the presence of inflow turbulence. In
addition to the suction–side separation bubbles noted on the aft
regions of both cascades, a leading edge separation bubble is ob-
served near the leading edge of the T106A cascade.

For the T106A configuration with Re = 60,000, a 2% in-
flow turbulence level has a minor effect on the topology of the
suction–side bubble. The airfoil surface pressures remain insen-
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FIGURE 14: ISOSURFACES OF VORTICITY MAGNITUDE FOR THE T106C CASCADE FOR (a) CLEAN INFLOW, AND (b)
3.2% INFLOW TURBULENCE. DIFFERENT PERSPECTIVE VIEWS ARE INCLUDED IN (i) AND (ii) FOR CLARITY.

sitive to the inflow turbulence except very close to the trailing
edge region, but the peak wake loss drops by 34% in comparison
to the clean inflow case. Similar observations have been reported
by others [10]. For the T106C configuration with Re = 80,000,
a 3.2% inflow turbulence level changes the suction–side separa-
tion bubble topology and airfoil surface pressures, and results in
a lower peak wake loss by 30%. Similar qualitative change in
bubble topology is also observed by [1]. The process of tran-
sition to turbulence is mainly due to the separated shear layer
in both in T106A and T106C cases. However, for the T106C
case the turbulent flow reattaches, causing the turbulence charac-
teristics to begin shifting towards wall-bounded turbulence with

non–zero inflow.
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